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Abstract 
We solve an open problem about the “self-reading sequences” considered in PZun and 
Salomaa (1993). namely we prove that all (nontrivial) such sequences contain every binary 
string. Some consequences of this result are derived, too. 
We denote by V+ the set of all nonempty strings of symbols in the alphabet V; the 
length of a string x is denoted by 1x1 and the number of occurrences in x of a symbol 
a E V is denoted by Ix/,. 
The self-reading sequences introduced in [6] are one sided infinite binary words 
obtained inductively, starting from a given prefix w = w,,, in the following way: at 
stage n + 1 we “read” the word w, obtained at stage 12, we then create (according to 
some fixed rule f) a binary word X, =f(w,), and then we adjoin x, to the right-hand 
side of w, to yield w, + 1 = w,x,. The final word is the infinite sequence obtained as the 
limit of the sequence w, (w, is a prefix of w, + 1 for each n). 
The following cases were considered in [6]: 
(1) %(W), w E {O? I$ +, with x, obtained by counting the number of zeros in w,, 
writing this number in binary form and adding an extra zero. 
(2) z1 (w), w E {O, l} ‘, with x, obtained as previously, but counting and adding ones. 
(3) zb( w), z’,(w), w E { 0,l) ‘, with x, obtained as above, except that we do not add 
extra zeros and ones. 
In [6] it is proved that zb( w) is ultimately periodic for any w (it ends by a sequence 
of ones), and that zO( w), z1 (1~) are ultimately periodic for no w; the same is proved in 
[4] for z; (w), in a way which covers also the sequences zO( w), z1 (w). 
Another problem formulated in [6] was whether or not every binary word z is 
a factor of such a sequence. Clearly, the case of z&(w) is trivial (the answer is negative). 
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The case of ze(w) has been solved in the affirmative manner in [S], while the others 
were left open. A complete answer for all sequences zi (w), zb( w), z; (w) (and for other 
similar self-reading sequences) can be derived from the following theorem. 
Theorem 1. Let (a,), a 0 be a strictly increasing sequence of natural numbers such that 
limn+,(a,+ 1 /a,,) = 1 and let b > 2 be a natural number. Ifbn is the expression of a,, in 
base b, then the injinite word w obtained by catenating b,, b,, . . . (in this order) has the 
property that every$nite word z over the base alphabet b is a factor of o. 
Proof. Without loss of generality, we may assume that z does not start with zero 
(otherwise we consider the string z’ = 1~). Let m be the number whose expansion in 
base b is z. As lim,,,,(a,+i /a,,) = 1, there is n, >, 1 such that for each n 3 n, we have 
a,+, m+ 1 
--<p 
a, m ’ 
Let us consider the sequence m . bk, k 3 1, and define the sequence 
ik = max((nIa, < m.bk} u {O}). 
Clearly, we have 
ai, < m.bk < ai,+ 
for all sufficiently large k, hence lim,,, ik = co . For ik > n, we have 
ai,+1 m+l 
---<p 
aik m ’ 
therefore 
m+l 
m . bk ,< ab + 1 < ai,. ___ <(m+ l).bk, 
m 
hence 
m.bk d ai,+i <(m + l).bk. 
In conclusion, the expansion of ai,+ 1 in base b starts with z, hence z is present in 
0. 0 
As a direct consequence of this theorem, we get the desired property for the 
sequences zi (w), zb( w), z;(w). Indeed, let us consider the functions mi : { 0, l} + -+ N, 
i E (0, l}, which return the number of occurrences of the digit i in a binary string. 
For the case of zi (w), as the zeros do not count, we may assume that w starts with 
a one. Let x, be the word which is added at stage n (we put x0 = w). Also x, will start 
with a one, hence it identifies with some positive integer a,. We have 
a, = 2ml(w,-l) + 1, a,+l = 2ml(w,) + 1, w, = w,-l&I, 
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hence 
an+ 1 = an + 2m,(xrd. 
As 1 d m,(x,) < [log, a,] + 1, we have lim,,, (a,+ ,/a,) = 1, hence the require- 
ments in the theorem are fulfilled by the sequence a,,. 
The cases zb(w), z; (w) can be handled in a similar way. 
Clearly, the previous property can be formulated in the following form, unexpected 
enough in view of the fact that the sequences in [6] were defined in an “automatic” way, 
without looking for such features: every binary string z appears infinitely many times in 
sequences z1 (w), zb( w), z’, (w), for every w. (If a string z would appear only k times, then 
we take the string zk+l, which must appear in these sequences, a contradiction.) 
In generaI, for an infinite sequence o over some alphabet K such that every z E V’ 
appears in o, we can define the mapping place,: I/+ + N by 
place, = min{njw = ala2 . . . a,zblbz . . . . ai,biE V) 
(the place of the leftmost occurrence of z in o, minus one). Again surprisingly, we have 
the following theorem. 
Theorem 2. If o is an injinite sequence over V such that 
(1) o is not ultimately periodic, 
(2) every z E V+ is a,factor of w, 
then for every n E N there are injinitely many strings z E V+ such that n = place,(z). 
Proof. Clearly, the assertion is true for n = 0 (for all prefixes z of (0 we have 
place,(z) = 0). Consider some integer n > 1. Because o is not ultimately periodic, 
there is no v such that w = ala2 . . . a,vvu . . . Consequently, for all t’ E Vf, (cl < n, there 
is k such that ala2 . ..a.,~~ is not a prefix of w. Let k, be the smallest k as above for 
a given v (of course, k, 3 1 for all v). Then let k0 be the largest k,, for all v E V+, ] CJ < n, 
and consider the strings zi, i > 0, with (zil = n .(kO + 2) + i, such that ala2 . . . anzi is 
a prefix of 0. 
We have place,(zi) = n. 
Indeed, suppose that place,(zi) = 112 < n. Then we can write 
0 = ulu2 . . . amzi . . . = ala2 . . . a,a,+ 1 . . . anzi . . . 
(When n = 1, m = 0, the symbols a1 ,..a, in this writing are missing.) Denote 
u=a In+1 ... a,. We obtain Uzi = ziu’ for some U’ E V+, hence 
Zi = U'U~, 
for r 3 1 and U” a prefix of U. As (~“1 d (~1 < n and lzil = n.(k, + 2) + i, we get 
r = Izil - Iuul , n.(k,+2)+i-n 
lul ’ 
2 ko + 1, 
n 
contradicting the maximality of k,. 0 
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Because the sequences z,(w), z;(w), z;(w) are not ultimately periodic [4, 63, the 
property in Theorem 2 holds true for them. 
Remark. Our results are naturally related to the concept of Bowl normality (see e.g. 
[l] for an account). For instance, Champernowne’s famous example of a recursive real 
number normal in base 10 [2] meets the requirements of Theorem 1. While one may 
see that the theorem cannot be strengthened to yield Bore1 normality (such a counter- 
example is the sequence which enumerates, in increasing order, the natural numbers 
having at most one third of their binary digits equal to zero), it would be interesting to 
give a sufficient condition for normality “in the style of Theorem 1”. (Such a result has 
been proved in [3] under more restrictive conditions.) What about Bore1 normality of 
the self-reading sequences in [6]? 
Another problem formulated in [6] and not approached yet concerns the ratio 
between the number of zeros and of ones in an arbitrary prefix z of a sequence o as 
above: does the limit lim,_,(lzlo/lzll) exist? If yes, which is this limit for various w? 
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